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a b s t r a c t
This paper deals with a stencil-based implementation of a geometric multigrid method
on semi-structured triangular grids (triangulations obtained by regular refinement of
an irregular coarse triangulation) for linear finite element methods. An efficient and
elegant procedure to construct these stencils using a reference stencil associated to a
canonical hexagon is proposed. Local Fourier Analysis (LFA) is applied to obtain asymptotic
convergence estimates. Numerical experiments are presented to illustrate the efficiency of
this geometric multigrid algorithm, which is based on a three-color smoother.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Multigridmethods [1–3] are among themost efficient numerical algorithms for solving the large algebraic linear equation
systems arising from discretizations of partial differential equations. In geometric multigrids, a hierarchy of grids must be
proposed. For an irregular domain, it is very common to apply a refinement process to an unstructured input grid, such as
Bank’s algorithm, used in the codes PLTMG [4] and KASKADE [5], obtaining a particular hierarchy of globally unstructured
grids suitable for use with a geometric multigrid. A simpler approach to generating the nested grids consists in carrying out
several steps of repeated regular refinement, for example by dividing each triangle into four congruent triangles [6].
An important step in the analysis of PDE problems using finite element methods (FEM) is the construction of the large
sparse matrix A corresponding to the system of equations to be solved. The standard algorithm for computing matrix A is
known as assembly: This matrix is computed by iterating over the elements of the mesh and adding from each element of
the triangulation the local contribution to the global matrix A. For discretizations of problems defined on structured grids
with constant coefficients, explicit assembly of the global matrix for the finite element method is not necessary, and the
discrete operator can be implemented using stencil-based operations. For the previously described hierarchical grid, one
stencil suffices to represent the discrete operator at nodes inside a triangle of the coarsest grid, and standard assembly
process is only used on the coarsest grid. Therefore, this technique is used in this paper since it can be very efficient and is
not subject to the same memory limitations as unstructured grid representation.
LFA (also called local mode analysis [7]) is a powerful tool for the quantitative analysis and design of efficient multigrid
methods for general problems on rectangular grids. Recently, a generalization to structured triangular grids, which is based
on an expression of the Fourier transform in new coordinate systems in space and frequency variables, has been proposed
in [8]. In that paper some smoothers (Jacobi, Gauss–Seidel, three-color and block-line) have been analyzed and compared
by LFA; the three-color smoother turning out to be the best choice for almost equilateral triangles.
∗ Corresponding author. Tel.: +34 976 762655; fax: +34 976 761886.
E-mail address: jlgracia@unizar.es (J.L. Gracia).
0377-0427/$ – see front matter© 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2009.03.012
1028 F. Gaspar et al. / Journal of Computational and Applied Mathematics 234 (2010) 1027–1035
Fig. 1. Numeration of the nodes for one and two refinement levels.
In this paper an efficient implementation of geometric multigrid methods on semi-structured grids for linear finite
element methods is described using a reaction–diffusion problem as a model. In Section 2, a suitable data structure is
introduced; after that, we describe the discrete operator in a stencil-based form, and a procedure using a canonical stencil
associated to a reference hexagon is proposed. The different components of the multigrid algorithm are also given. In
Section 3, an LFA is applied to determine the efficiency of the proposed multigrid method from the convergence factors
provided by the two-grid analysis. Finally, in Section 4 two numerical experiments illustrate the good performance of the
method for an H-shaped domain, and it is shown that the ideas developed in this paper can be extended to systems of
equations.
2. Description of the algorithm
The main features of this algorithm are described in this section. In the first place, we will consider a particular
triangulation of the domain consisting in a semi-structured grid obtained by local regular refinement of an input
unstructured grid. The semi-structured character of the grid allows use of low cost memory storage of the discrete operator
based on stencil form. Such storage permits simpler implementation of the geometric multigrid method. The different
multigrid components are described in the last subsection paying special attention to the relaxation process.
2.1. Semi-structured grids
Let T0 be a coarse triangulation of a bounded open polygonal domain Ω of R2, satisfying the usual admissibility
assumption, i.e. the intersection of two different elements is either empty, a vertex, or a whole edge. This triangulation
is assumed to be rough enough in order to fit the geometry of the domain. Once the coarse triangulation is given, each
triangle is divided into four congruent triangles connecting the midpoints of their edges, and this is repeated until a mesh
Tl is obtained with the desired fine scale to approximate the solution of the problem. This strategy generates a hierarchy
of conforming meshes, T0 ⊂ T1 ⊂ · · · ⊂ Tl, where transfer operators between two consecutive grids can be defined
geometrically.
As the number of neighbors of the vertices of the coarsest grid T0 is not fixed, the corresponding unknowns must be
treated as unstructured data. Thus, two different types of data structure must be used, one of them totally unstructured,
whereas the other is a hierarchical structure. For a refinement level i of a triangle of the coarsest grid, a local numeration
with double index (n,m), n = 1, . . . , 2i + 1, m = 1, . . . , n, is used in such a way that the indices of its vertices are (1, 1),
(2i + 1, 1), (2i + 1, 2i + 1), as we can observe in Fig. 1 for one and two refinement levels. This way of numbering nodes is
very convenient for identifying the neighboring nodes, which is crucial in performing the geometric multigrid method.
Due to the fact that the multigrid method uses a blockwise structure, there are several points in the algorithm, such
as relaxation and residual calculation, where information from neighboring triangles must be transferred. To facilitate this
communication, each triangle of the coarsest grid is augmented by an overlap-layer of so-called ghost nodes that surround
it. To bemore precise, each triangle receives the data corresponding to its own overlap region from its neighboring triangles
of the coarsest grid (see Fig. 2b). The width of this overlap region is mainly determined by the extent of the stencil operators
involved; in this case we use an overlap of one grid point (see Fig. 2a).
2.2. A stencil-based finite element implementation
Let us consider the model problem
−∆u+ u = f , inΩ, u = 0, on Γ , (1)
whereΩ ⊂ R2 is a bounded domain with boundary Γ and, for simplicity of presentation, homogeneous Dirichlet boundary
conditions are imposed. Let Th be a triangulation in the hierarchy of conforming meshes T0 ⊂ T1 ⊂ · · · ⊂ Tl, defined in the
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Fig. 2. (a) Ghost nodes on the overlap region of a triangle, (b) Exchange between two triangles of the coarsest grid.
Fig. 3. Different kinds of nodes on a coarsest triangle.
previous section. Let Vh be the finite element space of continuous piecewise linear functions associated with Th vanishing
on the boundary Γ . The discrete approximation uh ∈ Vh solves the problem
a(uh, vh) = (f , vh), ∀vh ∈ Vh, (2)
where
a(uh, vh) =
∫
Ω
∇uh · ∇vh dx+
∫
Ω
uhvh dx, (f , vh) =
∫
Ω
f vh dx.
Let {ϕ1, . . . , ϕN} be the nodal basis of Vh, i.e., ϕi(xj) = δij, with xj an interior node of the triangulation Th. If uh =∑Ni=1 uiϕi,
problem (2) yields the linear system of equations
AhUh = bh, (3)
where Uh = (u1, u2, . . . , uN)t ∈ RN and the coefficient matrix Ah = (aij) ∈ RN×N and the right-hand side bh =
(b1, b2, . . . , bN)t ∈ RN are defined as
aij =
∫
Ω
∇ϕj · ∇ϕi dx+
∫
Ω
ϕjϕi dx, bi =
∫
Ω
f ϕi dx.
In the following, we will refer to system (3) as the discrete problem associated to the corresponding grid level.
Instead of constructing the discrete problem with the standard assembly process, we wish to describe the discrete
operator using a stencilwise procedure, since a few types of stencils are enough to store Ah. This methodology [6] resembles
the way of working with finite difference methods on block-structured grids. Depending on the location of the node in the
grid, there are several ways to construct the associated stencils. We distinguish the following sets of nodes within the grid
Th (see Fig. 3):
• Interior nodes of a triangle of the coarsest grid T0.
• Nodes on the edges of the coarsest grid which are not vertices of T0.
• Vertices of T0.
In the same way that matrix Ah is the sum of the stiffness and the mass matrices, the stencils are also the sum of a stiffness
stencil and a mass stencil. For the sake of brevity, we will refer to the construction of the stiffness part of the stencil.
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Fig. 4. Reference hexagon and the corresponding affine mapping FH .
Let xi be an interior node of a triangle of the coarsest grid T0. This point is the center of a hexagon H of six congruent
triangles Tiwhich is the support of the basis functionϕi associated to it. Using local numeration,wedenote bynn,m the central
point xi (following the local numeration established in Section 2.1), nn+1,m,nn−1,m,nn,m+1,nn,m−1,nn+1,m+1,nn−1,m−1, the
vertices of this hexagon and ϕk,l their corresponding nodal basis functions (see Fig. 4).
The stencil form [9] for the equation associated to node xi reads
0
∫
T2∪T3
∇ϕn,m+1 · ∇ϕn,m dx
∫
T1∪T2
∇ϕn+1,m+1 · ∇ϕn,m dx∫
T3∪T4
∇ϕn−1,m · ∇ϕn,m dx
∫
∪6i=1 Ti
∇ϕn,m · ∇ϕn,m dx
∫
T1∪T6
∇ϕn+1,m · ∇ϕn,m dx∫
T4∪T5
∇ϕn−1,m−1 · ∇ϕn,m dx
∫
T5∪T6
∇ϕn,m−1 · ∇ϕn,m dx 0
 . (4)
To compute this stencil wewill use a reference hexagon Hˆ with center nˆ0,0 = (0, 0) and vertices nˆ1,0 = (1, 0), nˆ1,1 = (1, 1),
nˆ0,1 = (0, 1),, nˆ−1,0 = (−1, 0), nˆ−1,−1 = (−1,−1), and nˆ0,−1 = (0,−1), and an affine transformation FH mapping hexagon
Hˆ onto H given by x = FH(xˆ) = BH xˆ+ bH , satisfying FH(nˆi,j) = nn+i,m+j. We can easily show that
BH =
(
xn+1,m − xn,m xn+1,m+1 − xn+1,m
yn+1,m − yn,m yn+1,m+1 − yn+1,m
)
, bH =
(
xn,m
yn,m
)
,
where (xk,l, yk,l) are the coordinates of the nodes nk,l. Note that matrix BH is proportional with factor 2−i, where i is the
refinement level, to the matrix associated to the affine transformation between Tˆ1 and the current triangle of the input
coarsest grid. With these definitions, we can translate the degrees of freedom and basis functions on the reference hexagon
(denoted here by ϕˆ) to degrees of freedom and basis functions on the arbitrary hexagon H . In particular, we have
ϕˆk,l = ϕk,l ◦ FH , ∇ϕˆk,l = BtH∇ϕk,l ◦ FH .
By applying the change of variable associated to the affine mapping, the integrals of the stencil (4) yield the following
expression
S∆,h = |detBH |
[ 0 a0,1 a1,1
a−1,0 a0,0 a1,0
a−1,−1 a0,−1 0
]
,
where
a0,1 =
∫
Tˆ2
(B−1H )
t∇ϕˆ0,1 · (B−1H )t∇ϕˆ0,0dxˆ+
∫
Tˆ3
(B−1H )
t∇ϕˆ0,1 · (B−1H )t∇ϕˆ0,0dxˆ,
a1,1 =
∫
Tˆ1
(B−1H )
t∇ϕˆ1,1 · (B−1H )t∇ϕˆ0,0dxˆ+
∫
Tˆ2
(B−1H )
t∇ϕˆ1,1 · (B−1H )t∇ϕˆ0,0dxˆ,
a−1,0 =
∫
Tˆ3
(B−1H )
t∇ϕˆ−1,0 · (B−1H )t∇ϕˆ0,0dxˆ+
∫
Tˆ4
(B−1H )
t∇ϕˆ−1,0 · (B−1H )t∇ϕˆ0,0dxˆ,
a0,0 =
6∑
i=1
∫
Tˆi
(B−1H )
t∇ϕˆ0,0 · (B−1H )t∇ϕˆ0,0dxˆ,
a1,0 =
∫
Tˆ1
(B−1H )
t∇ϕˆ1,0 · (B−1H )t∇ϕˆ0,0dxˆ+
∫
Tˆ6
(B−1H )
t∇ϕˆ1,0 · (B−1H )t∇ϕˆ0,0dxˆ,
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a−1,−1 =
∫
Tˆ4
(B−1H )
t∇ϕˆ−1,−1 · (B−1H )t∇ϕˆ0,0dxˆ+
∫
Tˆ5
(B−1H )
t∇ϕˆ−1,−1 · (B−1H )t∇ϕˆ0,0dxˆ,
a0,−1 =
∫
Tˆ5
(B−1H )
t∇ϕˆ0,−1 · (B−1H )t∇ϕˆ0,0dxˆ+
∫
Tˆ6
(B−1H )
t∇ϕˆ0,−1 · (B−1H )t∇ϕˆ0,0dxˆ.
Now, defining the 2× 2 matrix CH = B−1H (B−1H )t ,
CH =
(
cH11 c
H
12
cH21 c
H
22
)
,
the stencil (4) has the expression
S∆,h = |detBH |
(
cH11Sˆxx + (cH12 + cH21)Sˆxy + cH22Sˆyy
)
,
where
Sˆxx =
[ 0 0 0
−1 2 −1
0 0 0
]
, Sˆxy = 12
[ 0 1 −1
1 −2 1
−1 1 0
]
, Sˆyy =
[ 0 −1 0
0 2 0
0 −1 0
]
,
are the stencils associated to the operators−∂xx,−∂xy and−∂yy respectively in the reference hexagon.
Following a similar process, the mass stencil S0,h = |detBH |Sˆ0 can be computed, where
Sˆ0 = 112
[ 0 1 1
1 6 1
1 1 0
]
.
Then, the equation associated to the node xi reads
(S∆,h + S0,h)[Uh]i =
∫
H
f ϕidx.
We normalize this equation with the factor |detBH |, to obtain the equation(
cH11Sˆxx + (cH12 + cH21)Sˆxy + cH22Sˆyy + Sˆ0
)
[Uh]i = 1|detBH |
∫
H
f ϕidx,
and the right-hand side can be approximated by f (xi). With obvious modifications of the previous process, it is possible to
construct the stencil associated to the nodes located at the edges. Finally, as the number of neighbors of the nodes located
at the vertices of T0 is not fixed, the corresponding equations cannot be represented in stencil form. For this reason, we
will assemble and normalize the stiffness and mass matrices for the coarsest grid with the integral of ϕi over its support.
Therefore, the intrinsic operations associated to these nodes in the multigrid algorithm will be performed by appropriately
using the corresponding equations of the assembled matrix on the coarsest grid.
2.3. Components of the multigrid method
Now that the hierarchy of grids has been introduced and the equations associated to each point have been described, we
will specify the components of a multigrid method which permits solving the considered problem on the finest mesh. Due
to the semi-structured character of the grid, we use a blockwise multigrid algorithm. Themain components of themultigrid
method are the smoother Sh, inter-grid transfer operators: restriction I2hh and prolongation I
h
2h, and the coarse-grid operator
L2h. These components are chosen so that they efficiently interplay with each other. In this paper, a linear interpolation has
been chosen and the restriction operator has been taken as its adjoint. The discrete operator corresponding to each mesh
results from the direct discretization of the partial differential equation, as has been described in the previous subsection.
The choice of a suitable smoother is an important feature for the design of an efficient geometric multigrid method. A three-
color smoother on triangular grids for the Poisson problem was proposed in [8], and the good convergence factors of this
smoother for almost equilateral triangles were reported.
Note that, in general, it is not possible to perform a global three-color smoother and then it is applied locally to each
triangle of the coarsest grid. To this end, the grid associated to a fixed coarsest triangle is split into three disjoint sets with
each set having a different color (red, black or green), so that the unknowns of the same color have no direct connection
with each other, see Fig. 5. This partition corresponds to the sets
Gih = {(n,m) ∈ Z2, n+m ≡ i (mod 3)}, i = 0, 1, 2.
One iteration of the three-color smoother is carried out in three partial steps, updating the unknowns of the same color
(see [8] for further details). After each one of these partial steps, the approximations of the solution at the corresponding
points of the overlap region are updated.
In the smoothing process the unknowns are updated in the following way: Firstly, we loop over unknowns located at
the vertices of the coarsest grid, and then we loop over the rest of the unknowns using a three-color smoother for each
triangular block (including also the nodes located at the edges), as we make clear in the following algorithm:
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Fig. 5. Three-color smoother. Red points (circles), black points (diamonds) and green points (boxes).
Algorithm: Smoothing procedure on Ti
Relaxation of the unknowns on Ti located at the vertices of T0.
for red, black, green do
for each triangle of the coarsest grid do
Relaxation of the unknowns using overlapping if necessary.
end for
Overlapping update: Exchange of the solution between the neighbor-
ing triangles.
end for
3. Local Fourier analysis
LFA is a tool used for the design of efficientmultigridmethods on regular structured grids. This techniquewas introduced
by Brandt in [7] and [10] in the framework of discretizations of PDEs on rectangular grids. A good introduction to this theory
can be found in the books [3,11,12]. Recently, a generalization to triangular grids – which is based on an expression of the
Fourier transform in new coordinate systems in space and frequency variables – has been proposed in [8]. In the context
of discretizations on semi-structured grids, particularly in the case of the hierarchical triangular meshes considered in this
paper, an LFA is used to predict the behavior of the multigrid method on each triangular block of the coarsest grid. The
quality of the general algorithm will depend on the local results obtained for each coarse triangle.
In Fourier smoothing analysis, the influence of a smoothing operator on the high-frequency error components is
investigated. To get more insight into the structure of a multigrid algorithm, it is useful to perform a two-grid analysis [3] in
order to investigate the interplay between relaxation and coarse-grid correction, which is crucial for an efficient multigrid
method.
The best known example of multi-color relaxation is the red–black Gauss–Seidel smoother for the five-point Laplace
stencil. Such a scheme has also been extensively analyzed, see for example [13–15]. A three-color smoother on triangular
grids for the Poisson problem was proposed and analyzed by Fourier analysis in [8].
Now we examine the smoothing and the two-grid properties of the algorithm proposed in Section 2.3 for the model
problem (1). The Fourier results on triangular grids strongly depend on the shape of the mesh, namely the shape of a
representative triangle which can be characterized by two of its angles (see Fig. 6). Straightforward calculations make it
possible to write the stiffness stencil of an interior point of the triangular grid as follows[ a0,1 a1,1
a−1,0 a0,0 a1,0
a−1,−1 a0,−1
]
,
where the coefficients ai,j for 0 < α, β < pi/2 are:
a1,0 = a−1,0 = − 1h21
tanα tanβ − 1
tanα tanβ
, a1,1 = a−1,−1 = − 1h21
tanα + tanβ
tanα tan2 β
,
a0,1 = a0,−1 = − 1h21
tanα + tanβ
tan2 α tanβ
, a0,0 = −2(a1,0 + a1,1 + a0,1),
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Fig. 6. A triangle of the coarsest mesh and its corresponding angles.
Table 1
LFA smoothing factors µ, LFA two-grid convergence factors ρ and measured F-cycle convergence rates ρh for the equilateral and scalene triangles.
Equilateral triangle Scalene triangle (75◦, 35◦)
ν1, ν2 µ
ν1+ν2 ρ(ν1, ν2) ρh(ν1, ν2) µν1+ν2 ρ(ν1, ν2) ρh(ν1, ν2)
1, 0 0.230 0.134 0.132 0.515 0.488 0.487
1, 1 0.053 0.039 0.038 0.265 0.238 0.237
2, 1 0.029 0.015 0.015 0.136 0.116 0.115
2, 2 0.021 0.013 0.013 0.070 0.063 0.062
where h1 is the length of the edge between the angles α and β . In the limit case of a rectangular triangle, we obtain the
classical five-point stencil for rectangular grids.
Applying an LFA on triangular grids, the smoothing factor µ, and the two-grid convergence factor ρ for triangles with
angles α = β = 60◦ and α = 35◦, β = 75◦ are shown in Table 1 for different pre-smoothing (ν1) and post-smoothing (ν2)
steps. For comparison, experimentally measured F-cycle convergence factors, ρh, obtained with a right-hand-side zero and
a random initial guess to avoid round-off errors, are also included.
We can observe that the correspondence between theoretical and practical values is excellent, and that the smoothing
factors are slightly worse than the two-grid convergence factors. Moreover, from Table 1 we can see that the convergence
factor depends on the shape of the coarsest triangle. Thus, very good convergence factors are obtained for the equilateral
triangle, whereas these factors worsenwhenever any of the angles tend to be small. This behavior is similar to that observed
in [8], where an exhaustive analysis for the Poisson problem was performed. In that paper, other smoothers, namely block-
line smoothers, were used for anisotropic meshes.
4. Numerical experiments
Our aim in this section is to present two numerical experiments using reaction–diffusion models. Firstly, the scalar case
is considered and then the methodology developed in this work is applied to a reaction–diffusion system.
4.1. Scalar reaction–diffusion problem
We start with the study of the model problem (1) introduced in Section 2.2. The right-hand side and the Dirichlet
boundary conditions are such that the exact solution is u(x, y) = sin(pix) sin(piy). This problem is solved in an H-shaped
domain, as it is shown in Fig. 7a, and the coarsest mesh is composed of fifty triangles with different geometries, which are
also depicted in the same figure. Nested meshes are constructed by regular refinement and the grid resulting after refining
each triangle twice is shown in Fig. 7b.
The considered problem has been discretized with linear finite elements, and the corresponding algebraic linear system
has been solved with the geometric multigrid method proposed in previous sections. An LFA two-grid analysis has been
applied, using the three-color smoother with ν1 = ν2 = 1 relaxation steps, on each triangle of the coarsest grid. From the
local convergence factors predicted by LFA on each triangle, a global convergence factor of 0.243 is predicted by taking into
account the worst of them, which corresponds to the four triangles shaded in Fig. 8.
In order to see the robustness of the multigrid method with respect to the space discretization parameter h, in Fig. 9 we
show the convergence obtained, with an F(1, 1)-cycle and the three-color smoother, for different numbers of refinement
levels. The initial guess is taken as u(x, y) = 1 and the stopping criterion is chosen as the maximum residual to be less than
10−6. An h-independent convergence of the method is displayed in this figure, and we can also see the efficiency of this
method, since the residual becomes less than 10−6 after twelve/fifteen iterations of the multigrid algorithm. An asymptotic
convergence factor about 0.242 has been obtainedwith a right-hand-side zero and a random initial guess to avoid round-off
errors. Note that Fourier two-grid analysis predicts the convergence factors with a high degree of accuracy.
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Fig. 7. (a) Computational domain and coarsest grid, (b) Hierarchical grid obtained after two refinement levels.
Fig. 8. Triangles on the coarsest grid with the worst convergence factor predicted by LFA.
4.2. Reaction–diffusion system
Now we apply the developed methodology to the reaction–diffusion system
−∆u+ u− v = f1
−∆v + v − u = f2 inΩ. (5)
Dirichlet conditions for both unknowns are taken on the whole boundary and these boundary conditions and the right-
hand sides, f1, f2, are such that the exact solution is u(x, y) = v(x, y) = sin(pix) sin(piy). The computational domain for this
problem and its coarsest triangulation are the same considered for the scalar case.
To solve the corresponding system of algebraic equations efficiently, a geometric multigrid algorithm has been applied.
A collective three-color smoother, that is, the straightforward extension from its scalar version, is chosen as the relaxation
process (see [3] for further explanations about collective smoothers). Note that a small 2 × 2 system must be solved per
node. As its scalar counterpart, this relaxation performs a sweep over each one of the subgrids corresponding to different
colors.
Using vector Fourier modes, an LFA on triangular grids can be extended to systems of PDEs. A two-grid analysis has
been performed for the reaction–diffusion system, using the collective three-color smoother with ν1 = ν2 = 1 relaxation
steps, on each triangle of the coarsest grid. Analogously to the scalar case, a global convergence factor of 0.243 is predicted,
as would be expected. Note that the smoothing factor for a system of PDEs can be as good as those for the factors of its
determinant (see [3]). To perform the numerical experiment, the initial guess is u(x, y) = v(x, y) = 1 and the stopping
criterion is set to be ‖rm‖ ≤ 10−10‖r0‖, where r0 is the initial residual and rm is the residual at the mth iteration. An F(1,
1)-cycle has also been used to study the behavior of the multigrid method for different refinement levels. In Table 2, the
number of cycles, the asymptotic convergence factor between brackets, and cpu time, measured in seconds on a Pentium IV
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Fig. 9. Multigrid convergence F(1, 1)-cycle for the scalar reaction–diffusion problem.
Table 2
Number of elements, unknowns and cycles, average convergence factors in brackets, and cpu time for several refinement levels.
No. of levels No. of elements No. of unknowns No. of cycles (ρh) cpu time
5 12800 13154 13 (0.213) <1′′
6 51200 51906 12 (0.228) 1′′
7 204800 206210 12 (0.235) 4′′
8 819200 822018 12 (0.236) 14′′
9 3276800 3282434 12 (0.241) 53′′
of 2.4 GHz, are shown for different refinement levels. Associated to each level the corresponding number of triangles and
the number of unknowns are also displayed. In Table 2, the good prediction provided by LFA and the robustness with respect
to the number of unknowns is again observed for this reaction–diffusion system.
4.3. Conclusions
A stencil-based implementation of a geometric multigrid method on semi-structured grids has been presented for linear
finite element methods. The semi-structured character of the grid allows the use of low cost memory storage of the discrete
operator based on stencil formulation. An efficient procedure to construct these stencils has been given by means of a
reference hexagon. A geometric multigrid method has been efficiently designed with the help of LFA which predicts with
high accuracy the convergence factors. The application of LFA and the extension of this implementation tomore complicated
systems (as the elasticity problem) are future research works.
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